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Abstract
We study when a Tychonoff space X is countably compact at infinity, that is, the remainder of
X in some (in any) Hausdorff compactification of X is countably compact. Though no internal
characterization of such spaces is given, we present some sufficient conditions for that. In particular,
we prove that every dense-in-itself extremally disconnected space of countable tightness is countably
compact at infinity. Therefore, every countable extremally disconnected space without isolated points
is countably compact at infinity. We also show how to construct certain extremally disconnected
spaces without isolated points. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Ultrafiltrations and extremal disconnectedness
Following van Douwen [4], we call a space X crowded if it is dense-in-itself, that is,
if X is non-empty and no point of X is isolated. As usually, c = 2ω, and I is the closed
unit interval of the real line R, with the usual topology. A space X is called maximal if it
is crowded and under every strictly stronger topology X is not crowded. If the closure of
every open set in X is open, X is said to be extremally disconnected.
The next approach to defining topologies on sets is well known, it is a part of the folklore.
Let X be a set. Assume that, for each a ∈X, either Fa is a free filter base on X (“free”
means that
⋂Fa = ∅) or Fa = {∅} (in which case we say that Fa is trivial). Then the
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family F = {Fa: a ∈ X}, called a filtration on X, generates a topology TF on X by the
following rule:
A subset U of X is open if and only if, for each a ∈ U , there exists A ∈ Fa such that
A⊂U .
The space obtained when X is endowed with the topology TF is said to be generated by
the filtration F . We denote this space also by X. Clearly, replacing each filter base Fa by
the filter it generates, we obtain a filtration generating the same topology on X, so that we
need not distinguish such filtrations.
If Fa is non-trivial for each a ∈X, then the filtration F is called nowhere trivial.
The next assertion is obvious.
Proposition 1.1. For any filtration F on X and any a ∈ X, a is isolated in the space X
generated by F if and only if Fa = {∅}.
In particular, a filtration F on X is nowhere trivial if and only if the space X generated
by F is dense-in-itself, that is, crowded.
It is also clear that every space can be obtained as a space generated by a filtration.
Our primary intention is to establish a connection between a property of filter bases Fa
constituting a filtration and a topological property of the spaceX generated by the filtration.
A filtration F on a set X will be called an ultrafiltration if every nontrivial Fa is a base
of an ultrafilter on X.
A topological space generated by an ultrafiltration will be called an ultrafiltration space.
The next simple fact is very useful in the study of ultrafiltration spaces:
Proposition 1.2. Let F = {Fa: a ∈ X} be a filtration on a space X, generating the
topology of X, P a closed subset of X, and a a non-isolated point in P such that Fa
is a (nontrivial) ultrafilter on X. Then P ∈Fa .
Proof. Assume the contrary. Then X \ P ∈ Fa , since Fa is an ultrafilter on X. For any
b ∈X \ P , there exists B ∈Fb such that B ⊂X \ P , since X \ P is an open set. It follows
that the set V = (X \ P) ∪ {a} is open in X. However, this is not the case since a is not
isolated in P . 2
A space X will be called weakly scattered if every closed dense-in-itself subset is open.
Obviously, every scattered space is weakly scattered (by default: there are no dense-in-
itself subsets in it). On the other hand, a scattered space is never crowded, while a weakly
scattered space may be crowded. Indeed, every maximal space is weakly scattered and
crowded [4]; therefore, not every weakly scattered space is scattered. A weakly scattered
crowded space will be called ultracrowded.
Theorem 1.3. If a space X is generated by an ultrafiltration, then X is weakly scattered.
Proof. Let F = {Fa: a ∈ X} be an ultrafiltration on X generating the topology T of X,
and let P be any dense-in-itself closed subset of X. Clearly, we may assume that each
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nontrivial Fa is an ultrafilter on X. Assume also that P is not open. Then there exists a
point a in P such that each element of the family Fa meetsX \P . Then Fa is an ultrafilter
onX, and it follows thatX \P ∈Fa . On the other hand, P is also in Fa by Proposition 1.2,
since P is closed in X and a is not isolated in X. Thus, P and X \ P are both in Fa , a
contradiction, since P ∩ (X \ P)= ∅ and Fa is an ultrafilter. 2
Proposition 1.4. Every weakly scattered crowded space X is extremally disconnected.
Proof. Let U be an open subset of X. Then U is dense-in-itself, since X is crowded. It
follows that the closed set U is also dense-in-itself. Therefore, U is open in X, since X is
weakly scattered. 2
Now from Theorem 1.3 and Proposition 1.4 we conclude that if a crowded space X
is generated by an ultrafiltration, then X is extremally disconnected. But we can prove a
slightly better statement:
Theorem 1.5. Any ultrafiltration space X is extremally disconnected.
Proof. Let F = {Fa: a ∈ X} be an ultrafiltration on X generating the topology T of X,
and let U be any open subset of X. We may assume that each nontrivial Fa is an ultrafilter
on X. Assume also that U is not open. Then there exists a point a in U such that each
element of the family Fa meets X \ U . Then Fa is an ultrafilter on X, and it follows that
X \ U ∈ Fa . Notice that a is not in U , since U is open in X. Therefore, a is not isolated
in U . By Proposition 1.2, this implies that U ∈Fa , a contradiction, since we have already
established that the complement of U is also in Fa . 2
Remark 1. The assumption in Proposition 1.4 that X is crowded is essential. Indeed,
even a scattered space need not be extremally disconnected. Moreover, every non-discrete
scattered compact Hausdorff space contains a nontrivial convergent sequence and is not
extremally disconnected (see [5]).
Remark 2. Not every extremally disconnected space is an ultrafiltration space. Indeed,
the Stone– ˇCech compactification βω of the discrete space of natural numbers is extremally
disconnected [5]. On the other hand, it is not weakly scattered, since it contains a non-open
dense-in-itself closed subset βω\ω. Therefore, by Theorem 1.3, βω is not an ultrafiltration
space.
Remark 3. On the contrary, every maximal space X is an ultrafiltration space: indeed, the
family Fa of all sets U \ {a}, where U is an open neighbourhood of a in X, is an ultrafilter
base on X \ {a}, and the family F = {Fa: a ∈X} is an ultrafiltration on X generating the
original topology of X, by Theorems 2.1 and 2.2 from [4].
In connection with Remark 2 it is natural to ask whether every crowded extremally
disconnected space is an ultrafiltration space. The answer is again negative, which easily
follows from the next curious result:
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Theorem 1.6. A compact Hausdorff space X is extremally disconnected and weakly
scattered if and only if it is finite.
Proof. We prove the necessity, since the sufficiency is clear. Assume that X is infinite.
Since X is zero-dimensional, there exists an infinite disjoint collection γ of non-empty
open and closed subsets of X. By Zorn’s Lemma, we may assume that γ is a maximal
family with these properties. The set G =⋃γ is open, therefore F = X \G is a closed
subset ofX. Clearly, γ does not contain a finite subfamily coveringX. SinceX is compact,
this implies that γ is not a covering of X, that is, the set F is not empty. Fix a point a ∈ F .
The point a cannot be isolated in F , since otherwise, by a standard argument, we can find
a non-trivial sequence in G converging to a, which is impossible since X is extremally
disconnected. Thus, F is an infinite dense-in-itself closed subset of X. Therefore, F is
open in X, since X is weakly scattered. On the other hand, F is nowhere dense in X, by
maximality of γ . This contradiction completes the argument. 2
Now from Theorems 1.6 and 1.3 we obtain the next result:
Corollary 1.7. A compact Hausdorff space is an ultrafiltration space if and only if it is
finite.
Of course, an ultrafiltration space need not be Hausdorff, since Fa may be the same
ultrafilter on X for all a in X. However, we have the following obvious statement:
Proposition 1.8. Any ultrafiltration space is a T1-space.
Here is an obvious sufficient condition for an ultrafiltration space to be Hausdorff:
Proposition 1.9. Let T1 be a Hausdorff topology on a set X, and let F = {Fa: a ∈X} be
a filtration on X such that, for any a ∈X and any U ∈ T1 such that a ∈U , the set U \ {a}
belongs to Fa . Then the topology TF generated by the filtration F contains the topology
T1 and is, therefore, Hausdorff.
Example 1.10. Let X be a discrete subspace of a T1-space Z, and Y = {yx : x ∈ X} a
discrete subspace of Z \ X. For each x ∈ X such that yx ∈ X, let Fx be the family of
all sets V ∩X, where V is an open neighbourhood of yx in Z. If yx is not in X, we put
Fx = {∅}.
Clearly, F = {Fx : x ∈ X} is a filtration on X. Let T be the topology on X, generated
by this filtration. Now consider the decomposition of the space X ∪ Y into (disjoint) sets
{x} ∪ {yx}, where x ∈ X. Then it is easy to see that the space X with the topology T is
exactly the quotient space of the space X ∪ Y corresponding to this decomposition, with
the quotient topology.
Example 1.11. Let X be an infinite discrete space and Y = {yx : x ∈ X} a discrete
subspace of the remainder of the Stone– ˇCech compactification βX of X. Then the family
A.V. Arhangel’skiı˘ / Topology and its Applications 107 (2000) 3–12 7
F = {Fx : x ∈ X}, defined as in Example 1.10, is a nowhere trivial ultrafiltration on X.
Therefore, F generates an extremally disconnected crowded topology on X (which is also
weakly scattered).
Question 1. Under what restrictions on the family Y in Example 1.11 the space generated
by the ultrafiltration F = {Fx: x ∈X} is maximal? Is Hausdorff? Is regular?
2. Extremal disconnectedness and countable remainders in compactifications
Van Douwen called a space X nodec if every nowhere dense subspace of X is discrete
and closed in X [4].
We will call a space X weakly nodec if every nowhere dense subspace of X is scattered.
Theorem 2.1. Let Y be a crowded Tychonoff extremally disconnected weakly nodec space
and bY a Hausdorff compactification of Y . Then bY \ Y is totally countably compact, that
is, every infinite subset A of bY \ Y contains an infinite countable subset B such that the
closure of B in bY \ Y is compact.
First, we prove two lemmas which will play the key role in other arguments too.
Lemma 2.2. Let X be an extremally disconnected Tychonoff space, bX a Hausdorff
compactification of X, and M any discrete subspace of bX \X. Then, for any two disjoint
countable subsets A and B of M , the set A∩B ∩X is empty.
Proof. Indeed, since A ∪ B is a countable discrete subspace of bX, there exists an open
subset U of bX such that A ⊂ U and the closure of U in bX does not intersect B . Then
V =U ∩Y is an open subset ofX dense in U , since U is open in bX andX is dense in bX.
Now assume that the set A∩B∩X is not empty and fix c ∈A∩B∩X. Then c ∈A⊂ V .
Since X is extremally disconnected, the closure of V in X is an open neighbourhood of c
in X. Therefore, the closure of V in bX contains an open neighbourhood of c in bX. Since
c ∈ B , it follows that the closure of V in bX meets B , therefore the closure of U in bX
meets B , a contradiction. 2
Lemma 2.3. Let X be an extremally disconnected Tychonoff space, bX a Hausdorff
compactification of X, and M any infinite countable discrete closed subspace of the space
bX \X. Then M is the Stone– ˇCech compactification of M .
Proof. Clearly, M is a compactification of M . Let A and B be any two disjoint subsets
of M . Then A∩B = A∩B ∩X, since M is closed in bX \X. Therefore, by Lemma 2.2,
A∩B = ∅. It follows that M is the Stone– ˇCech compactification of M (see [5]). 2
Proof of Theorem 2.1. Clearly, A contains an infinite countable discrete subspace P .
Since Y is crowded, the space bY is also crowded, and P and P are nowhere dense in bY .
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Since Y is dense in bY , it follows that the setM = P ∩Y is nowhere dense in Y . Therefore,
M is scattered. If M is empty then we are done. It remains to consider the case when M is
not empty. Then there exists an isolated point b in the spaceM . Since bY is regular, we can
find an open set V in bY such that V ∩M = {b}. Put S = V ∩ P . Then S is infinite, since
b is in P \P , and S ∩ Y = {b}. Now it easily follows from Lemma 2.3 that the set S is not
closed in bY \Y . Fix a point c ∈ (S \S)∩ (bY \Y ). Then c 6= b, and therefore, there exists
an open neighbourhood W of c such that b is not in the closure of W . Then, obviously,
H = S ∩W is an infinite subset of A such that H ⊂ bY \ Y . 2
In particular, every maximal space X is crowded, extremally disconnected, and nodec.
Clearly, each nodec space is weakly nodec. Therefore, Theorem 2.1 implies the next result:
Corollary 2.4. LetX be a Tychonoff maximal space, and bY a Hausdorff compactification
of X. Then bY \ Y is totally countably compact.
Question 2. Let X be a (countable) Tychonoff maximal space, and bX a Hausdorff
compactification of X. Is then true that the closure of any countable subset of bY \ Y
in bY \ Y is compact?
Theorem 2.5. Let G be an extremally disconnected topological group. Then bG \ G is
countably compact, for any Hausdorff compactification bG of the space G.
Proof. Put Z = bG \G, and assume that Z is not countably compact. Then we can fix an
infinite countable discrete closed subset A of Z. Put F = A \A. Clearly, F is a compact
subspace of G. By a result in [1], F must be finite, since G is an extremally disconnected
topological group. On the other hand, A is the Stone– ˇCech compactification of A, by
Lemma 2.3. Therefore, F is infinite, a contradiction. 2
Theorem 2.6. Let X be an extremally disconnected space of countable tightness. Then for
any Hausdorff compactification bX, the remainder bX \X is countably compact.
Proof. Assume the contrary. Then we can fix be an infinite countable closed discrete subset
M of bX \X. By Lemma 2.3, M is the Stone– ˇCech compactification of M . Therefore, the
tightness of the remainder F =M \M is not countable. On the other hand, F ⊂X, since
M is closed and discrete in bX \X. It follows that t (F )6 t (X)6 ω, a contradiction. 2
Similarly the next assertion is proved:
Theorem 2.7. Let X be an extremally disconnected space of countable pseudocharacter.
Then for any Hausdorff compactification bX, the remainder bX \X is countably compact.
Corollary 2.8. Let X be an extremally disconnected space such that |X|6 2ω. Then for
any Hausdorff compactification bX of X, the remainder bX \X is countably compact.
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After the Theorems 2.5–2.7 it is natural to ask if it is true in general that for
any extremally disconnected Tychonoff space X the remainder of X in any Hausdorff
compactification of X is countably compact. It is not difficult to show that this is not the
case.
Example 2.9. Let βω be the Stone– ˇCech compactification of the discrete space ω.
Obviously, we can fix an infinite countable discrete subspaceA of βω\ω. PutX = βω\A.
The space βω is extremally disconnected [5] and X is a dense subspace of βω; therefore,
X is also extremally disconnected [5]. Clearly, βX coincides with βω, and the remainder
βX \X is the infinite discrete space A, that is, βX \X is not countably compact. Actually,
it is even not pseudocompact.
Lemmas 2.2 and 2.3 are complemented by the following technical result:
Lemma 2.10. Let X be an extremally disconnected Tychonoff space, and bX a Hausdorff
compactification of X. Then no nontrivial sequence in bX converges to a point of X.
Proof. Assume that ξ = (yn: n ∈ ω) is a sequence in bX converging to a point a ∈X such
that a is not a member of ξ . Then, since X is extremally disconnected, only finitely many
members of ξ can belong to X. Let A be the set of all members of ξ which belong to
bX \X. Clearly, A is an infinite countable closed discrete subspace of bX \X. It follows,
by Lemma 2.3, that the closure of A in bX is the Stone– ˇCech compactification of A, a
contradiction, since this closure is A∪ {a}. 2
Here is a curious corollary of Lemma 2.10:
Theorem 2.11. Let Y be a non-discrete (in itself) subspace of a sequential Tychonoff space
X. Then Y is not extremally disconnected.
Proof. Indeed, we may assume that Y is dense in X (otherwise replace X with the closure
of Y in X). Fix a point a ∈ Y non-isolated in Y . The set B = X \ {a} is not closed in X,
and a is the only point of X which is in the closure of B and not in B . Since X is
sequential, it follows that there exists a sequence ξ = (bn: n ∈ ω) of points of B converging
to a. Now take any Hausdorff compactification bX of X. Then bX is also a Hausdorff
compactification of Y , and ξ is a sequence in bX converging to the point a which is in Y
and is not a member of ξ . This contradicts Lemma 2.10.
We can reformulate Theorem 2.11 as follows: no extremally disconnected Tychonoff
space is subsequential in the class of Tychonoff spaces.
Recall that a space X is said to be left separated, or a left space, if there exists a well
ordering< on X such that {x ∈X: x < a} is closed in X, for each a ∈X (see [2]). Clearly,
every countable space is left separated. Therefore, the next result is a generalization of
Corollary 2.4.
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Theorem 2.12. Let X be an extremally disconnected left space. Then, for any Hausdorff
compactification bX of X, the remainder bX \X is countably compact.
Proof. We argue almost in the same way as in the proof of Theorem 2.6. Indeed, if M is
an infinite countable closed discrete subset of bX \X then M \M is a compact subspace
of X homeomorphic to βω \ω. On the other hand, every compact subspace of a left space
is scattered [2], and βω \ ω is not scattered. This completes the proof. 2
Remark 4. From the proofs of Theorems 2.11 and 2.12 it is clear that a general result may
be formulated as follows:
Theorem 2.13. IfX is an extremally disconnected Tychonoff space which does not contain
a topological copy of βω \ ω, then, for any Hausdorff compactification bX of X, the
remainder bX \X is countably compact.
Corollary 2.14. If X is an extremally disconnected Tychonoff space such that |X| < 2c
then, for any Hausdorff compactification bX of X, the remainder bX \ X is countably
compact.
Proof. Indeed, the cardinality of βω \ω is precisely 2c [5]. Therefore,X does not contain
a topological copy of βω \ ω. It remains to apply Theorem 2.13. 2
Theorem 2.6 should be compared with the next consistency result:
Theorem 2.15. (PFA) If an extremally disconnected space X has a Hausdorff compactifi-
cation of countable tightness then X is discrete.
Proof. Let bX be a Hausdorff compactification of X such that t (bX)6 ω. Under PFA the
space bX is sequential, according to a famous result of Balogh [3]. It remains to apply
Theorem 2.11. 2
Question 3. Is it true in ZFC that any extremally disconnected subspace X of a compact
Hausdorff space of countable tightness is discrete?
After the above results it is natural to consider a dual question: which restrictions on
a Tychonoff space X ensure that no remainder of X in a Hausdorff compactification is
countably compact? Notice that a Tychonoff space with countably compact remainders
need not be extremally disconnected. Following the classical paper of Henriksen and
Isbell [6], we will say that a space X is countably compact at infinity if it is Tychonoff
and the remainder bX \X of X in some (in any) Hausdorff compactification bX of X is
countably compact. From this definition it is clear that the class of all countably compact at
infinity spaces is invariant under perfect images and perfect preimages. Now it is clear how
to construct a countably compact at infinity space which is not extremally disconnected.
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Example 2.16. Let X be a countable extremally disconnected crowded space, and
Y =X× I . Then Y is not extremally disconnected, since it contains a nontrivial
convergent sequence. On the other hand, X is countably compact at infinity, by
Corollary 2.7, and, therefore, Y is countably compact at infinity, since Y is a preimage
of X under a perfect mapping (the natural projection of Y =X× I onto X).
This example shows that the next question may not have a satisfactory answer.
Question 4. Is there an “inner” characterization of countably compact at infinity
Tychonoff spaces?
Here is a concrete question in the direction of Question 4:
Question 5. Let X be a Fréchet–Urysohn Tychonoff space which is nowhere locally
compact. Is then true that X is not countably compact at infinity?
Notice that the Σ-product of an uncountable family of closed intervals (or of two-points
discrete spaces), which is a nowhere locally compact Fréchet–Urysohn Tychonoff space, is
not countably compact at infinity, since its remainder in the Stone– ˇCech compactification
(which is the full product) is not countably compact.
Question 5 is motivated by the following simple fact:
Theorem 2.17. If X is a countably compact at infinity Tychonoff space which is first
countable, then X is locally compact.
Proof. Assume that X is not locally compact at some point a ∈ X, and let bX be a
Hausdorff compactification of X. Then, clearly, a is in the closure of the set A= bX \X.
The space bX is first countable at the point a, since X is dense in bX and bX is regular [5].
Therefore, there exists a sequence (bn: n ∈ ω) in A converging to a. Since a is not in
bX \ X, it follows that the set B = {bn: n ∈ ω} of points of this sequence is an infinite
closed discrete subset of the space bX \X. Thus, bX \X is not countably compact. 2
Remark 5. The above argument shows, in fact, that every first countable pseudocompact
at infinity Tychonoff space X is locally compact.
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